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Conservation equations of sensible entarnsy and latent entransy are established for flue gas convective heat transfer with conden-
sation in a rectangular channel and the entransy dissipation expression is deduced. The field synergy equation is obtained on the 
basis of the extremum entransy dissipation principle for flue gas convective heat transfer with condensation. The optimal velocity 
field is numerically obtained by solving the field synergy equation. The results show that the optimal velocity field has multiple 
longitudinal vortices, which improve the synergy not only between the veloctiy and temperature fields but also between the veloc-
ity and vapor concentration fields. Therefore, the convective heat and mass transfers are significantly enhanced. Flow with multi-
ple longitudinal vortices close to the optimal velocity field can be generated by discrete double-inclined ribs set in the rectangular 
channel. The numerical results show that the total heat transfer rate in the discrete double-inclined rib channel increases by 
29.02% and the condensing heat transfer rate increases by 27.46% for Re = 600 compared with the plain channel. 
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In condensation-type water heaters and boilers using natural 
gas, the mass fraction of the vapor in the flue gas is about 
7%–25%. Tubular heat exchangers with fins are often used 
to recover latent heat of the vapor, resulting in higher ther-
mal efficiency. In the heat exchangers, the vapor condenses 
on the fin surface if the local fin surface temperature is 
lower than the dew point temperature. Therefore, there is 
both sensible heat transfer via the temperature difference 
and latent heat transfer via the vapor concentration differ-
ence during condensation, as for convective heat transfer 
with vapor condensation. There has been much experimen-
tal research [1–8] on convective heat transfer with conden-
sation. However, there has been little theoretical study with 
the purpose of determining the heat transfer mechanism. 
Bejan [9] analyzed convective heat transfer considering 
entropy generation based on irreversible thermodynamics  
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and optimized convective heat transfer according to the 
minimum entropy generation (MEG) principle. However, 
the heat transfer rate should be of much greater interest 
during heat transfer. Guo et al. [10,11] introduced a physical 
quantity describing the heat transfer ability of an object, 
entransy, which is defined as half the product of the internal 
energy and temperature of the object. The extremum en-
transy dissipation (EED) principle was also established for 
heat transfer optimization. The optimization results [12–17] 
showed that the EED principle was more suitable than the 
MEG principle for heat transfer optimization. On the basis 
of the EED principle, Meng et al. [18] deduced the field 
synergy equation for laminar convective heat transfer using 
the variation principle for given input viscous dissipation. 
Their numerical results showed that the optimal velocity 
field was a multiple longitudinal vortex flow, and a new 
enhanced tube was developed to generate multiple longitu-
dinal vortices. Song et al. [19] obtained the optimal velocity 
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field for laminar convective heat transfer in a rectangular 
channel. The heat transfer was significantly enhanced by 
longitudinal vortex flow. Chen et al. [20] defined moisture 
transfer resistance and optimized liquid desiccant dehumidi-
fication. Recently, Liu et al. [21] studied the physical quan-
tity synergy in a laminar flow field and its application in 
heat transfer enhancement. Chen et al. [22] extended the 
field synergy principle to the fluid flow and optimized the 
drag reduction. 
In the present study, the flow channel of the finned tubu-
lar heat exchanger is simplified into a narrow rectangular 
channel and the flue gas is considered as a mixture of vapor 
and non-condensable gas. The flue gas flow in the channel 
is laminar with Reynolds numbers less than 1000. Firstly, 
entransy and entransy dissipation are defined for the con-
vective heat transfer with vapor condensation. Secondly, the 
field synergy equation for laminar convective heat transfer 
with condensation is deduced using the EED principle. 
Thirdly, the optimal velocity field is numerically obtained 
for given input viscous dissipation. Finally, the enhance-
ment of the convective heat transfer with condensation is 
validated setting discrete double-inclined ribs on the chan-
nel surfaces, which generate longitudinal vortices close to 
the optimal velocity field.  
1  Entransy and entransy dissipation 
Chen et al. [23] introduced the conservation equations of 
sensible entransy and latent entransy for the evaporative 
cooling system. Moisture entransy and moisture entransy 
dissipation were defined. For convective heat transfer with 
condensation, similarly, we establish entransy conservation 
equations and deduce the entransy dissipation expression. 
Figure 1 shows the flue gas convective heat transfer with 
condensation in a rectangular channel. The vapor at high 
temperature condenses on the channel wall at low tempera-
ture. 
The flue gas convective heat transfer must satisfy the 
governing equations. 
 
Figure 1  Flue gas convective heat transfer with condensation in a rec-
tangular channel. 
Energy equation: 
( ) ( ) ,pU c T Tρ λ⋅∇ = ∇ ⋅ ∇             (1) 
where ρ, cp and λ are the density, specific heat and thermal 
conductivity of the flue gas, respectively. U is the velocity 
vector and T is the temperature. Eq. (1) is also the sensible 
heat conservation equation of the flue gas.  
Species equation: 
( ).U Dρ ω ρ ω⋅∇ = ∇ ⋅ ∇             (2) 
where ω is the mass fraction of the vapor and D is the mass 
diffusion coefficient of the vapor in the flue gas. 
The vaporization latent heat of water, γ, is assumed to be 
constant. Multiplying both sides of eq. (2) by γ gives the 
latent heat conservation equation: 
( ) ( ) .U Dρ γω ρ γω⎡ ⎤⋅∇ = ∇ ⋅ ∇⎣ ⎦          (3) 
Multiplying both sides of eq. (1) by T gives the conserva-
tion equation of the sensible heat entransy: 
( ) ( )2s ,U g T T Tρ λ λ⋅∇ = ∇ ⋅ ∇ − ∇       (4) 
where gs=cpT
2/2 is the sensible heat entransy per unit mass 
of the flue gas. The sensible heat entransy describes the 
sensible heat transfer ability of the flue gas. ( )2s,disg Tλ= ∇  
is the sensible heat entransy dissipation. Eq. (4) indicates 
that the sensible heat entransy rate via convection equals the 
sensible heat entransy rate via conduction minus the sensi-
ble heat entransy dissipation rate. 
Likewise, multiplying both sides of eq. (3) by T gives 
( ) ( ) ( ).T U DT D Tρ γω ρ γω ρ γω⎡ ⎤⋅∇ = ∇ ⋅ ∇ − ∇ ⋅∇⎣ ⎦   (5) 
Assuming a linear relationship between the mass fraction 
of the vapor and its corresponding dew point temperature, 
Tdp=aω+b, eq. (5) can be written as a conservation equation 
of the latent heat entransy: 
( )
( ) ( ) ( )
l
dp ,   (6)
U g DT
D T T T D
ρ ρ γω
ρ γω ρ γω
⎡ ⎤⋅∇ = ∇⋅ ∇⎣ ⎦
⎡ ⎤− ∇ ⋅∇ − − ∇⋅ ∇⎣ ⎦
 
where g1=γωTdp/2 is the latent heat entransy per unit mass 
of the flue gas. The latent heat entransy describes the latent 
heat transfer ability of the flue gas. The left side of eq. (6) is 
the latent heat entransy in the flue gas flow. The first item 
on the right side of eq. (6) represents the latent heat entransy 
diffusion induced by vapor diffusion. The second item is the 
latent heat entransy dissipation associated with not only the 
vapor concentration field but also the temperature field. The 
last item is the latent heat entransy diffusion due to the dif-
ference between the flue gas temperature and dew point 
temperature. 
Combining eqs. (4) and (6) yields the entransy conserva-
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tion equation for the flue gas convective heat transfer: 
( ) dis ,U g T T DT gρ λ ρ γω⎡ ⎤⋅∇ = ∇ ⋅ ∇ + ∇ −⎣ ⎦     (7) 
( ) ( )
( ) ( )
2
dis
dp ,                   (8)




= ∇ + ∇ ⋅∇
⎡ ⎤+ − ∇ ⋅ ∇⎣ ⎦
 
where g=cpT
2+γωTdp/2, as a measure of the total heat trans-
fer ability of the flue gas, is the entransy per unit mass, and 
gdis is the total entransy dissipation. 
2  Field synergy equation 
Similar to the optimization for single-phase convective heat 
transfer [18,19], the optimization objective for the convec-
tive heat transfer with condensation is to determine the op-
timal velocity field that leads to the extremum entransy dis-
sipation for given viscous dissipation. Meanwhile, the flow 
and heat transfer are also governed by the continuity, energy 
and species equations. This is a typical functional extremum 
problem. Employing the calculus of variations, a Lagrange 
function is constructed with the given constraints: 
( )
( ) ( )
dis 0
d ,
pg C A T c U T
V
B D U C UΩ
φ λ ρ
ρ ω ρ ω ρ
⎧ ⎫⎡ ⎤+ + ∇⋅ ∇ − ⋅∇⎪ ⎪⎣ ⎦∏ = ⎨ ⎬⎡ ⎤+ ∇⋅ ∇ − ⋅∇ + ∇⋅⎪ ⎪⎣ ⎦⎩ ⎭
∫∫∫  (9) 
where φ is the viscous dissipation rate per unit volume and 
C0, A, B and C are Lagrange multipliers. Owing to the dif-
ferent types of constraints, C0 remains constant for given 
viscous dissipation, while A, B and C are functions of U, T, 
ω and local position. 
The variation in ∏ with respect to T gives the governing 
equation of A: 
( ) ( )2 .pc U A A Tρ λ λ− ⋅∇ = ∇ ⋅ ∇ − ∇ ⋅ ∇        (10) 
The boundary conditions are A=0 for given boundary tem-
peratures and 2A n T n D nρ γ λ ω∂ ∂ = ∂ ∂ + ∂ ∂  for given 
boundary heat flux. 
The variation in ∏ with respect to ω gives the governing 
equation of B: 
( ) ( )2 .U B D B a Dρ ρ ρ γ ω− ⋅∇ = ∇ ⋅ ∇ − ∇ ⋅ ∇     (11) 
The boundary conditions are B=–γ(T–Tdp) for given bound-
ary species and B n a nγ ω∂ ∂ = ∂ ∂  for a given boundary 
species gradient. 





pcU A T B C
C C C
ρ ρ ρμ ω∇ + ∇ + ∇ + ∇ =    (12) 
Comparing eq. (12) with the momentum equation  
( )U U P Uρ μ⋅∇ = −∇ +∇ ⋅ ∇          (13) 
gives  
02 ,C C P ρ= −                (14) 
where C0 is related to the viscous dissipation. Eq. (12) can 
be rewritten as 





pcF U U A T B
C C
ρ ρρ ω= ⋅∇ + ∇ + ∇       (16) 
Eq. (15) is Euler’s equation governing the fluid velocity 
and temperature fields under the EED principle during con-
vective heat transfer with condensation. Essentially, it is the 
momentum equation with a special additional volume force 
F, which improves the synergy not only between the veloc-
ity and temperature fields but also between the velocity and 
vapor concentration fields. Therefore, the heat transfer is 
enhanced for given viscous dissipation. 
For given boundary conditions, the continuity, energy 
and species equations and eqs. (10), (11) and (15), including 
the six variables U, T, ω, P, A and B, can be solved together 
to provide the optimal velocity field, which gives the ex-
tremum entransy dissipation for given viscous dissipation. 
3  Numerical model 
Figure 1 shows the flue gas convective heat transfer in a 
rectangular channel with length L = 80 mm, width W = 40 
mm and height H = 5 mm. The convective heat transfer with 
condensation can be numerically optimized using the field 
synergy equation given above. There are four assumptions 
in the numerical model. 
(1) Neglecting the presence of droplets and liquid film 
implies, in principle, that the condensate is promptly re-
moved from the channel wall. 
(2) When the local channel wall temperature is lower 
than the corresponding dew point temperature, there is con-
densation and the saturation value of the mass fraction is 
utilized as a Dirichlet boundary condition for the species 
conservation equation. In addition, the ideal gas relationship 
is used to compute the mass fraction of the vapor corre-
sponding to the saturation pressure at the absolute wall 
temperature. 
( )w s g,v w ,P R Tω ρ=             (17) 
where Rg,v is the gas constant of the vapor, and the ap-
proximate relationship used to evaluate the saturation pres-
sure is 
( ) ( )s w w610.78exp 17.2694 273.15 34.58 .P T T⎡ ⎤= − −⎣ ⎦  (18) 
(3) The transverse velocity component induced by the 
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condensation is disregarded. Therefore, the no-slip condi-
tion is used for the wall surface. 
(4) When there is condensation, both the amounts of flue 
gas and vapor are reduced and latent heat is released. In the 
numerical model, the mass, species and energy sources are 
added to the boundary cells where the vapor condenses. 
Mass and species sources are Sm=–mvAface/Vcell and the en-
ergy source is Se=mvγAface/Vcell. ( )v wm D nρ ω= − ∂ ∂  is the 
condensing rate of the vapor. Aface is the interface area of the 
boundary cell and Vcell is the boundary cell volume. 
In the simulation, the flue gas temperature, velocity and 
mass fraction of the vapor are given at the inlet. Tin=440 K, 
Re=400, ω=10%. The channel wall temperature is constant; 
Tw=300 K. Fully developed distributions of variables A and 
B are assumed at the outlet extended 300 mm downstream 
with zero gauge pressure. 
The commercial computational fluid dynamics code 
FLUENT6.0 was used to solve the governing equations. 
The SIMPLEC algorithm was used for the velocity-pressure 
coupling. The QUICK scheme was employed for the discre- 
tization of the convection and diffusion terms. A user-de- 
fined function is used for varying properties of the flue gas 
with different temperature, adding the additional volume 
force in the momentum equation, governing equations and 
corresponding boundary conditions of variables A and B, 
species boundary conditions of the vapor on the channel 
wall and adding sources to the boundary cells. 
4  Optimization results 
The convective heat transfer with condensation in the rec-
tangular channel is numerically optimized. The total viscous 
dissipation, total heat transfer rate, condensing heat transfer 
rate and condensing proportion before and after optimiza-
tion with C0=–5.0×106 K are listed in Table 1. 
Table 1 shows that, compared with the case before opti-
mization, the total viscous dissipation of the flue gas flow in 
the channel after optimization only increases by 3.35%, 
while the total heat transfer rate increases by 31.67% and 
the condensing heat transfer rate and condensing proportion 
of the vapor increase by 29.26%. Therefore, both the sensi-
ble and latent heat transfers are significantly enhanced after 
optimization. 
The velocity vectors, distributions of the temperature and 
mass fraction of the vapor at the cross section z = 40 mm in 
the channel are shown in Figure 2. It is seen that the optimal 
flow pattern has multiple longitudinal vortices, which sig- 
nificantly affect the distributions of the temperature and 
vapor concentration.  
Compared with the case before optimization, the gradi-
ents of the temperature and vapor concentration increase in 
the region where the flow washes upon the wall. The in-
cluded angles between the velocity vector and the tempera-
ture gradient decrease, as do the included angles between 
the velocity vector and the vapor concentration gradient. 
The synergy not only between the velocity and temperature 
fields but also between the velocity and vapor concentration 
fields is improved. Therefore, the convective heat and mass 
transfer are enhanced. On the contrary, in the region where 
the flow is away from the wall, the gradients of the tem-
perature and vapor concentration decrease. The included 
angles between the velocity vector and temperature gradient 
increase, as do the included angles between the velocity 
vector and vapor concentration gradient. The synergy not 
only between the velocity and temperature fields but also 
between the velocity and vapor concentration fields is re-
duced, resulting in less convective heat and mass transfer. 
For the whole channel, the flow with multiple longitudinal 
vortices significantly improves the synergy not only be-
tween the velocity and temperature fields but also between 
the velocity and vapor concentration fields, leading to en-
hanced convective heat and mass transfer. Therefore, the 
flue gas convective heat transfer with condensation can be 
significantly enhanced by longitudinal vortices with little 
increment in viscous dissipation. 
5  Discrete double-inclined rib channel 
The numerical analysis shows that flow with multiple lon-
gitudinal vortices can enhance convective heat transfer with  
 
Figure 2  Optimization results for the flue gas convective heat transfer 
with condensation. (a) Velocity vectors; (b) temperature distribution (unit: 
K); (c) mass fraction of the vapor. 
Table 1  Optimization results for flue gas convective heat transfer with condensation 
 Viscous dissipation (W) Total heat transfer rate (W) Condensing heat transfer rate (W) Condensing proportion 
Before optimization 2.57×10–4 30.95 12.55 23.70% 
After optimization 2.66×10–4 40.75 16.22 30.63% 
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condensation. Therefore, certain engineering techniques, 
such as the application of internal ribs, can be adopted to 
produce a desired velocity field close to the optimal one so 
as to enhance the heat transfer with condensation. Longitu-
dinal vortex flow can be generated in tubes [18,24,25] and 
rectangular channels [19,26] using discrete double-inclined 
ribs, resulting in enhanced heat transfer. Figure 3 shows the 
structure of the discrete double-inclined rib channel, with a 
rib length r = 7 mm, rib width g = 3 mm, rib pitch p = 15 
mm and attack angle α = 45°. Here, the flue gas convective 
heat transfer with condensation is numerically studied. 
Because of the complex flow inside the discrete double in-
clined-rib channel, turbulence may originate even at a low 
Reynolds number, especially near the rib region. In the case of 
heat transfer with a low Reynolds number less than 1000, 
Meng et al. [27] showed that the numerical results predicted 
by the RNG k-ε model were more accurate than those pre-
dicted by the laminar model. Thus, the RNG k-ε model was 
utilized in the simulation. The velocity vectors, distributions of 
the temperature and mass fraction of the vapor at the cross 
section z = 35 mm in the discrete double-inclined rib channel 
are shown in Figure 4. It is seen that longitudinal vortices 
close to the optimal velocity field are generated by the discrete 
double-inclined ribs. Therefore, the synergy between the ve-
locity and temperature fields, as well as the synergy between 
the velocity and vapor concentration fields, is improved. 
Compared with the plain channel, the simulation results 
show that the total heat transfer rate in the discrete double- 
inclined rib channel increases by 29.02%, the condensing 
heat transfer rate and the condensing proportion of the vapor 
increase by 27.46%, while the friction increases by 60.69%. 
Therefore, the optimal velocity field controlled by the field 
synergy equation can be used to guide the design and opti-
mization of the convective heat transfer with condensation. 
 
Figure 3  The discrete double-inclined rib channel. (a) Top view; (b) 
front view. 
 
Figure 4  Velocity vectors, temperature distribution and mass fraction of 
the vapor at z = 35 mm. (a) Velocity vectors; (b) temperature distribution 
(unit: K); (c) mass fraction of the vapor. 
6  Conclusions 
Entransy and entransy dissipation are defined for convective 
heat transfer with vapor condensation. The field synergy 
equation for the convective heat transfer with condensation 
is deduced on the basis of the EED principle. 
Numerical results show that the optimal flow pattern has 
multiple longitudinal vortices, which significantly improve 
the synergy not only between the velocity and temperature 
fields but also between the velocity and vapor concentration 
fields. The flue gas convective heat transfer with condensa-
tion can be significantly enhanced by longitudinal vortices 
with little increment in viscous dissipation. 
Flow with multiple longitudinal vortices close to the op-
timal velocity field can be generated by discrete dou-
ble-inclined ribs arranged in the rectangular channel. The 
numerical results show that the total heat transfer rate in the 
rectangular channel with discrete double inclined ribs in-
creases by 29.02% and the condensing heat transfer rate 
increases by 27.46% for Re = 600 compared with the plain 
channel. 
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